The theory of complex trees is introduced as a new approach to study a broad class of self-similar sets. Systems of equations encoded by complex trees tip-to-tip equivalence relations are used to obtain oneparameter families of connected self-similar sets. To study topological changes in regions R where these families are defined we introduce a new kind of map M that extends the usual notion of connectivity locus for a parameter space. Motivated by what we call the root-connectivity theorem, we consider the map M 0 ⊂ M that provides another valuable piece of information to our families of study. The present theory also translates naturally to previously studied families of self-similar sets that have appeared as a field of interest for the past 30 years. Structurally stable complex trees and their regions K = R\M are specially fit for the development of analysis on fractals.
Introduction
In a talk titled "Geometry of Self-similar Sets" [1] Christoph Bandt explained how self-similar sets can be treated rigorously, like manifolds in analysis. Among many other things, he showed how one guarantees the existence of an intersection point x with addresses 1112 and 2112 for self-similar sets F generated by the pair of mappings f 1 (z) = c 1 z and f 2 (z) = c 2 (z − 1) + 1 with |c 1 |, |c 2 | < 1.
Using the topological formula 1112 ∼ 2112 he arrived to the equation c 2 = 1+c 2 1 /(c 1 +1) for the complex parameters c 1 and c 2 . And as he noted, to avoid further intersection points x ∈ f 1 (F ) ∩ f 2 (F ) one must choose c 1 and c 2 small. Motivated by Bandt's observation we will establish conditions for determining how small these parameters must be for all sorts of one-parameter families of connected self-similar sets F generated by iterated function systems of n mappings {f j } n j=1 defined as f 1 (z) = 1 + c 1 z , f 2 (z) = 1 + c 2 z , . . . , f n (z) = 1 + c n z with |c 1 |, |c 2 |, . . . , |c n | < 1.
The restriction to this kind of IFSs is due to a simple geometric interpretation that arises naturally. The self-similar set F is completely encoded by the limiting points of what we call complex tree, a special type of fractal tree in the plane. The idea behind the notion of complex tree appeared to the author as a combinatorial generalization of the geometric series 1 + z + z 2 + z 3 + .... Partial sums of the geometric series have a simple geometric representation in the complex plane, when |z| < 1 the series always converges and their partial sums form a sequence of points that spiral in towards 1/(1 − z). Now if instead of multiplying by z each successive summand 1, z, z 2 , . . . , we consider all the possible choices of a collection of n complex numbers A = {c 1 , c 2 , . . . , c n }, different to each other and with positive absolute value smaller than 1, we will end up with a complex tree T A .
Our main tool is the parameterization of T A in terms of words of the alphabet A = {c 1 , c 2 , . . . , c n } using what we call the geometric map φ that sends any word w with letters w 1 , w 2 , w 3 , . . . , w m ∈ A to a complex point φ(w) defined as: φ(w) := 1 + w 1 + w 1 w 2 + w 1 w 2 w 3 + · · · + w 1 w 2 w 3 . . . w m
In general it should be clear from the context whether w j w k is the complex product or the concatenation of individual letters w j , w k ∈ A. When numeric symbols 1, 2, . . . , n are used to replace the complex-valued letters c 1 , c 2 , . . . , c n , it always means concatenation of letters. If the word w = w 1 w 2 w 3 . . . w m has a finite sequence of letters, φ(w) is called a node of the complex tree T A . But if the word is infinite, m → ∞, then φ(w) is called a tip point of the complex tree T A and we express it as an infinite sum φ(w) = 1 + w 1 + w 1 w 2 + w 1 w 2 w 3 + · · · + w 1 w 2 w 3 . . . w k + · · · = ∞ k=0 w |k (3) where w |k = w 1 w 2 . . . w k is assumed to be the complex multiplication of the individual letters of the word w pruned up to its kth letter. For k = 0, we have that w |0 = w 0 = e 0 where e 0 is the empty string with assigned value equal to 1. The node φ(e 0 ) = 1 is called the root of the complex tree where the n first-level nodes, φ(1) = 1 + c 1 , φ(2) = 1 + c 2 , . . . , φ(n) = 1 + c n , sprout from. Imposing a color code for the individual branches is useful for examining the topological structure of a complex tree, i.e. a word w of a node φ(w) can be retrieved by reading the color sequence from the root φ(e 0 ) to the desired node φ(w). Moreover, if the sequence of letters leading to a tip point is eventually periodic one can easily get the exact closed form. See for example the tip points encoded by the words labeled in figure 1 which get reduced to the following algebraic expressions:
Let A m denote the set of finite words of length m, let A * denote the set of all finite words ∪ m≥0 A m , let A ∞ denote the set of infinite words, and let Ω denote the set of all finite and infinite words A * ∪ A ∞ . The geometric map φ has the following property. Let v ∈ A m and w ∈ Ω then:
Now if we define the tipset F A of a complex tree T A as the set of all tip points φ(w), and the piece F vA of level m for v ∈ A m as the set of all tip points φ(vw). It is not hard to see from (4) that a piece F vA can be expressed in terms of the tipset F A as
where f v is a similarity map defined as f v (z) := φ(v) + v · (z − 1). Moreover, the tipset F A is a self-similar set that admits a decomposition in n m pieces F vA . In particular, for m = 1 we have that {f v } v∈A satisfies the self-similarity equation introduced by Hutchinson [2] :
Therefore the tipset F A is the invariant set generated by the iterated functions system {f v } v∈A = {f 1 , f 2 , . . . , f n } composed of n linear maps f j (z) := 1+c j z. The self-similar nature of the tipset F A implies that topological properties are equally spread through all the different levels m of the pieces F vA which are exact smaller copies of F A . So we can safely focus our attention on how the first-level pieces interact with each other. Therefore the topological set Q A defined as
is the only piece of information needed for capturing the topological structure of a tipset F A . For example, the topological sets of trees in figures 1 and 2 are Q A = {132 ∼ 212, 312 ∼ 232} and Q A = {1231 ∼ 2213, 3213 ∼ 2231} respectively. Notice that if a tip-to-tip equivalence relation a ∼ b takes place then for all u ∈ A * we have that
. As we will see in the following section the topological set plays an important role when studying the structural stability of tipsets in regions R where one-parameter families of tipset-connected complex trees are defined.
Families of Connected Self-similar Sets
Given a topological set Q A of a tipset-connected n-ary complex tree T A consider all the tip-to-tip equivalence relations a ∼ b ∈ Q A as a system of equations φ(a) = φ(b) with letters c 1 , c 2 , . . . , c n ∈ A set as unknown complex variables. If we have that card(Q A ) = n − 1, then we have a system of n − 1 equations with n unknown variables that admits a parametric solution in one or several complex variables depending on the tipset-connectivity. For example, the ternary complex tree represented in figure 1 , with Q A = {132 ∼ 212, 232 ∼ 312}, leads to a system of two equations with three unknown variables that gets reduced to a one-parametric solution with c 1 = z as unknown
For the ternary complex tree in figure 2 , with Q A = {1231 ∼ 2213, 3213 ∼ 2231}, we get a slightly different family
Notice that for card(Q A ) ≥ n the solution might still lead to a parametric alphabet in one or several variables. For example the ternary complex tree in figure 3 has five tip-to-tip equivalence relations, i.e. card(Q A ) = 5, with topological set Q A = {1112 ∼ 3312, 1312 ∼ 2112, 132 ∼ 232, 132 ∼ 332, 332 ∼ 232}, but sol(Q A ) still gives us a parametric family of ternary complex trees T A (z) in one complex variable. For binary complex trees, n = 2, we only need to impose a single tip-to-tip equivalence relation, a ∼ b with a 1 = b 1 . Because then the intersection of the first-level pieces will contain at least the point φ(a) = φ(b), i.e. F 1A(z) ∩ F 2A(z) = ∅, and by self-similarity the whole tipset F A (z) will be connected. Consequently, self-similar sets associated to these families of binary complex trees T A (z) = T {c 1 (z), c 2 (z)} are always connected. For example, the families shown in figure 4 were obtained by imposing the following tip-to-tip equivalence relations 11112 ∼ 2112, 1112 ∼ 2112, and 1112 ∼ 212, i.e. 
The Unstable Set
The ternary complex tree in figure 1 has its sol(Q A ) reduced to a parametric alphabet and therefore it admits continuous deformations of its tipsets without breaking the topological structure. We call such a tree structurally stable. As a counterexample, consider now the complex tree with topological set Q A = {132 ∼ 212, 232 ∼ 312, 112 ∼ 332}. Its tipset is the Sierpinski triangle and sol(Q A ) gets reduced to a fixed solution
which means that even a tiny perturbation of its alphabet A ≈ A will change the initial topological set, Q A = Q A . We call such a tree structurally unstable. Since for any given complex tree T A we have that sol(Q A ) is a set of parametric alphabets or just a fixed set of numerical solutions, the tree is stable or unstable but not both. This gives rise to what we call the fundamental dichotomy of complex trees which divides them in two major categories depending on their structural stability. If we apply this dichotomy to a one-parameter family of complex trees T A (z) = T {c 1 (z), c 2 (z), . . . , c n (z)} obtained from a stable tree T A with topological set Q A , we have that the open region R := {z : 0 < |c j (z)| < 1 ∀j ∈ A} where this family is defined is the disjoint union of the set of stable trees K and the set of unstable trees M defined as
To illustrate this dichotomy in R = K ∪ M we will use the simple family, T A (z) = T {z, 1/2, 1/4z} obtained from the stable ternary tree in figure 1 with topological set Q A = {132 ∼ 212, 312 ∼ 232}. The family is defined for the open annulus R = {z ∈ C : 1/4 < |z| < 1} since for |z| ≤ 1/4 we would have that |c 3 (z)| ≥ 1 which is not allowed by definition. As we prove in [3] , there is a pair of open regions K and K * with piece-wise smooth boundaries where trees T A (z) are stable and their topological set Q A (z) remains constant, i.e. z ∈ K and Q A (z) = Q A = {132 ∼ 212, 312 ∼ 232}. Figure 6 shows five different tipsets of unstable trees in ∂K, along with three topologically homeomorphic tipsets of stable trees in K. A brute-force method to map the set of unstable trees consists in imposing extra equivalence relations a ∼ b with letters taken from the parameterized alphabet of the family A(z) = {c 1 (z), c 2 (z), . . . , c n (z)}, and then solve the equations φ(a) = φ(b) for z. For example the tip points of 1332 ∼ 2112 expressed in terms of A(z) = {z, 1/2, 1/4z} become φ(1332) = 5/4 + 1/8z + z, and φ(2112) = 3/2 + z/2 + z 2 . Hence 5/4 + 1/8z + z = 3/2 + z/2 + z 2 leads to the solution z = ±i/2, so T A (i/2) and T A (−i/2) are unstable trees since 1332 ∼ 2112 / ∈ Q A . We can repeat this process as many times as we want. The space of possible equivalence relations is infinite jA ∞ × kA ∞ but if we take a large enough sample of extra equivalence relations, then the resulting approximate map of unstable trees provides a raw picture of the actual map M, see figure 6. If we do the same for the family T A (z) := T {z, −1/2, 1/4z}, deduced in (9) from the ternary tree in figure 2 with topological set Q A = {1231 ∼ 2213, 3213 ∼ 2231}, we obtain a completely different unstable set M even if the family is defined for the same region R := {z ∈ C : 1/4 < |z| < 1}. This time the boundaries of the open regions K and K * are predominantly rough with multiple cracks visible, see figure 7 . The reason why this roughness takes place is found in the external geometry of the tipsets. Tipsets are fractals, and fractals in general are not smooth. The family of Sierpinski-like trees in figure 6 is an exceptional case, as it has been shown in [3] , the external geometry of the tipsets is entirely composed of straight segments causing the boundaries ∂K and ∂K * to be piece-wise smooth. 
The Root Connectivity Set
In this section we will introduce the root connectivity set M 0 which is a subset of the unstable set M that provides another valuable piece of information to our families of study. If the overlap set O F of a tipset F A defined as
is empty, O F = ∅, then we say that F A is a totally disconnected tipset. On the other hand, if the intersection set I F defined as
is not empty, I F = ∅, then we say that F A is a totally connected tipset. Notice that for a binary tree we always have that O F = I F , hence its tipset can only be totally disconnected or totally connected. For n > 2 this is not necessarily true since it might happen that I F = ∅ and the tipset is still connected like the examples in figures 1 and 2. Among the possible types of totally connected tipsets there is one type that is special. The following theorem supports its significance. If the root of a complex tree belongs to its intersection set, φ(e 0 ) ∈ I F , we say that T A and its tipset F A are root-connected.
Theorem 1. (Tip-to-root connectivity).
Let j ∈ A, w ∈ A ∞ , and F A be a tipset of an n-ary complex tree T A , then the following are equivalent:
Independently of the first letter k ∈ A we have φ(kw) = 1 + c k φ(w) = 1 = φ(e 0 ) = φ(jw). (3) =⇒ (4): For each first-level piece there is at least one tip point that meets the root φ(1w) = φ(2w) = · · · = φ(nw) = 1, hence I F = ∅ and φ(e 0 ) ∈ I F so F A is root-connected. (4) =⇒ (5): If F A is root-connected we have that φ(e 0 ) ∈ F A hence by self-similarity f v (φ(e 0 )) = φ(v) ∈ F vA ⊆ F A , i.e. all the nodes of the tree T A are contained in the tipset F A . (5) =⇒ (1): We have that φ(e 0 ) ∈ F A hence F A is root-connected and φ(e 0 ) ∈ F j so there is at least a tip point with word jw ∈ A ∞ such that φ(jw) = φ(e 0 ).
Remark. The geometrical explanation behind condition (2) φ(w) = 0 in theorem 1 comes from the fact that 0 is actually the base of the trunk of our trees that goes from 0 to the tree's root φ(e 0 ) = 1. We omit the trunk in our figures but it is always there as a pre-image of first level branches, i.e. f j (0φ(e 0 )) = φ(e 0 )φ(j) for all j ∈ A. From the structural point of view, 0 acts as another node and since we have that for a root-connected tree all nodes are contained in the tipset, condition (5), it shouldn't be surprising that 0 is also contained in F A .
Given an analytic family of trees in one complex variable T A (z), we define the root connectivity set M 0 as
That is, we can generate the set M 0 by computing the zeros of tip points φ(w) where the letters are expressed in terms of the parametric alphabet A(z). The asymptotic similarity between root-connected tipsets F A (z 0 ) and ∂M 0 is very apparent and it is similar in nature to the similarity found between Julia sets of Misiurewicz points and the boundary of the classical Mandelbrot set. The following theorem tells us that nodes φ(v) can be also used to compute points z 0 ∈ R that are in M 0 .
Theorem 2. (Node-to-root connectivity). Let
Proof. By applying equation (4) to the tip point of v ∈ A ∞ we have that
Therefore, tip-to-root connectivity φ(v) = φ(e 0 ) takes place and by theorem 1 we have that the tipset F A is root-connected.
Since for each level m we have a finite number of nodes with v ∈ A m (z) it is convenient to define the root connectivity set of order m as
Since lim m→∞ M 0 (m) = M 0 , this is an exhaustive method to approximate the set M 0 as much as we want. Figure 9 shows M 0 (15) ⊂ M 0 ⊂ M = R\K which is the result of computing the zeros z 0 of φ(v) = 0 for all finite words v with 15 letters taken from the parametric alphabet A(z) = {z, 1/2, 1/4z}.
Analytic Region of Unstable Trees
The brute-force method to generate maps of the unstable set M is exact but rather slow when compared to scape-time algorithms used to generate connectivity-locus maps like the Mandelbrot set. Nonetheless there is an analytic method based on lemma 3 that can be applied in this particular situation. It gives us upper bounds for the existence of stable complex trees in the regions R where our one-parameter families of study are defined.
Following Jun Kigami's definition of p.c.f. self-similar structure [4] we say that an n-ary complex tree T A is a postcritically finite tree (p.c.f. tree for short) if and only if the post critical set is a finite set, where the post critical set P A , and the critical set O A are defined as
Notice that σ m (O A ) in (20) is the one-sided shift-map σ(w) = w 2 w 3 . . . applied m times to infinite words w ∈ O A . For example, the ternary tree in figure 1 is a p.c.f. tree since we have that O A = {132, 212, 232, 312}, and therefore P A = {32, 2, 12} is finite. If T A is a p.c.f. tree then the open set condition (OSC for short) holds for its tipset F A , i.e. there exists a bounded non empty open set O ⊂ C such that
This condition was already present in Moran's paper [5] published in 1946, but it was not until Hutchinson rediscovered Moran's result about 40 years later [2] , that the OSC has become a standard condition for computing the Hausdorff dimension of self-similar sets with overlap set O F "small". In particular, if a tree T {c 1 , c 2 , . . . , c n } satisfies the open set condition, then the Hausdorff dimension of its tipset F A is dim H (F A ) = α, where α is given by the unique positive number that satisfies the equation defined as
If the OSC does not hold for a given tree T {c 1 , c 2 , . . . , c n } then we have that dim H (F A ) = α. If that's the case, we call α the similarity dimension (also known as sim-value [6] ) to distinguish it from the actual Hausdorff dimension. The following lemma shows that α provides an upper bound for the existence of p.c.f. trees.
Lemma 3.
Let T A be a complex tree. If the similarity dimension of its tipset F A is α > 2 then T A is a non-p.c.f. tree.
Proof. Suppose that T A is p.c.f. and α > 2 then we would have that dim H (F A ) = α > 2 which is a contradiction since
For example, if we apply this lemma to the pair of families T {z, ±1/2, 1/4z} we have that |z| α + 1/2 α + (1/4|z|) α = 1 exceeds α = 2 when |z| < 1/2τ or |z| > τ /2, where τ is the golden ratio. The similarity dimension gets its minimum, α = log(3)/ log(2) ≈ 1.585, at |z| = 1/2. And as it increases, |z| changes continuously as
Therefore, the pair of open annuli regions {z : 1/4 < |z| < 1/2τ } and {z : τ /2 < |z| < 1} are contained in the unstable set M because all the trees in these pair of regions are non-p.c.f., and consequently unstable. For further details regarding the Hausdorff dimension of T {z, ±1/2, 1/4z} see [3] . For arbitrary families of complex trees T A (z) = T {c 1 (z), c 2 (z), . . . , c n (z)}, the analytic regions M 2 ⊂ M that we are looking for by applying this same technique are simply given by
See below the regions M 2 for the families of binary trees, T {z, 1+z 2 }, T {z, z +1/(1+z)}, and T {z, 1+z +z 2 }, obtained in (10), (11), and (12) respectively. 
Further Results
A tipset F A is a bounded self-similar set in C, the infinite series φ(w) = ∞ k=0 w| k converges for any w ∈ A ∞ , and the sequence of partial sums defined by φ(w |m ) = m k=0 w |k is a Cauchy sequence that converges to φ(w). Moreover we have that for r := sup{|c 1 |, |c 2 |, . . . , |c n |}, the inequality | 
is disconnected. If for a certain k the bounding set D k is no longer a topological disk then the tipset F A is disconnected since we have
The following necessary and sufficient condition for having a connected self-similar set, in our case a tipset F A , was already reported in 1992 by Thierry Bousch [7] . A tipset F A is connected if and only if the graph G F over A defined as
is connected. Notice that F jA ∩ F kA = ∅ implies that there is at least a pair of words a, b ∈ A ∞ with a 1 = j and b 1 = k such that φ(a) = φ(b). Therefore G F can be also defined as
Fractal Dendrites
A priori if G F is connected we don't know if F A is multiply connected with int(F jA ∩ F kA ) = ∅ for some j, k ∈ A, or F A has a nice structure with card(Q A ) finite. Trees with a tipset homeomorphic to a fractal dendrite which are also stable constitute a broad class of trees with a connected tipset nicely structured. By fractal dendrite we mean a self-similar set that satisfies the standard notion of a dendrite found in continuum theory, i.e. a connected tipset F A is a dendrite if and only if any two points of F A are separated in F A by a third point of F A . Therefore a fractal dendrite F A is a tree-like topological space, compact, connected and simply connected subset of the complex plane having empty interior. Recall that if F A is simply connected then C\F A is too.
Theorem 4. (Fractal dendrites)
. Let F A be connected and card(
we have a singleton {x jk } = F j ∩ F k . Consequently for any pair of tip points φ(jv) ∈ F j \{x jk } and φ(kw) ∈ F k \{x jk } there is always an arc S ⊂ F j ∪ F k connecting them such that x jk ∈ S. If F \{x jk } is connected then it means that x jk is not a cutpoint and therefore there exists another arc S ⊂ F \{x jk } connecting φ(jv) and φ(kw). Consequently we have that F A is not a dendrite since S ∪ S is a closed curve. Now we want to see that if F A is a dendrite then F \{x jk } is disjoint. Let φ(ujv) and φ(ukw) be any pair of tip points of F A with common prefix u ∈ A * , these pair of points are contained in F u so by self-similarity we can reframe them into F = f 
Proof. For all j, k ∈ A the intersections F j ∩ F k take place at the same point x, so F \{x} is disjoint and by theorem 4 we have that F A is a fractal dendrite. 
Piece-to-Piece Connectivity
In order to map the intersection of pieces F u and F v to standard size, where u, v ∈ A * with u 1 = v 1 , Bandt and Graf [8] introduced the concept of a neighbor map h u,v = f −1 u f v . In the context of complex trees, the neighbor map h u,v can be rewritten as
See example below.
F 212 Figure 12 : The neighbor set h 13,212 (F A (i/ √ 2)) intersects the tipset of the unstable tree T A (i/ √ 2) in figure 5 , the same way as piece F 13 intersects piece F 212 .
The following theorem is a result of having h u,v = id. And it applies to nodes φ(u) and φ(v) encoded by words u and v, not necessarily of same length, such that the complex product of their individual letters is the same,
Theorem 6. (Piece-to-piece connectivity). Let u, v ∈ A
* with u 1 = v 1 then the following are equivalent:
we get that u = v, i.e. the complex product of the individual letters is the same,
Related Work
Deep connections between seemingly unrelated fields of mathematics are abundant. The notion of complex tree introduced here is not an exception. Despite their simplicity, complex trees are related to a variety of problems that arise naturally in different areas of mathematics. For example, the cover picture in Bill Thurston's last paper, Entropy in dimension one [9] (see also [10] for footnotes and a section of additional remarks added by John Milnor), shows an extremely intricate set that fits exactly (when restricted to the unit disk) into the root connectivity set M 0 shown in figure 13 for the family of binary complex trees T A (c) := T {c,−c} .
Family of Binary Complex Trees T{c, -c}
The set M 0 was considered earlier by Bousch [7] , [11] , as the set of roots of all polynomials with coefficients ±1. The connection between M 0 and the set investigated by Thurston was nicely presented in a paper by Tiozzo [12] . It is not hard to see that if we start with any point z ∈ C, the limits of all sequences of compositions of maps f 1 (z) = 1 + cz and f 2 (z) = 1 − cz allow us to express F {c,−c} as the set of power series 1 ± c ± c 2 ± c 3 ± . . . . The problem of determining for which parameters c the tipset F {c,−c} is disconnected, i.e. Q {c,−c} = ∅, has emerged over the last 30 years as an area of interest. And as it was nicely put by Calegari et al in a paper recently published in Ergodic Theory and Dynamical Systems [13] , "The richness and mathematical depth of these various sets has barely begun to be plumbed". The first systematic study about the connectivity of these fractals was carried out by Barnsley and Harrington in 1985 [14] . They defined the sets M and M 0 shown in figure 13 , they proved that the boundary of M is contained in {c : 1/2 ≤ |c| ≤ 1/ √ 2}, and among several other observations they noted apparent holes near the boundary ∂M. This seminal paper was followed by many other results, below we mention a few but the list is incomplete. Also notice that different authors use different variants for the maps f 1 (z) and f 2 (z), we use the one introduced by Baez [15] that corresponds to our maps associated to complex trees, eq. (1).
Thierry Bousch, at that time a PhD student of Adrien Douady, proved in a very elegant way that M and M 0 are both connected and locally connected [11] . Recall that in 1982 Douady and Hubbard proved that the classical Mandelbrot set is connected but their conjecture about its local connectivity is still open! In 2002 Bandt presented a fast algorithm for generating high resolution pictures of M that revealed many surprising features [16] . He showed the existence of certain algebraic points in ∂M that he called landmark points, he proved the existence of a hole in M, and he conjectured that the interior of M is dense away from the real axis. In relation to Bandt's conjecture, Solomyak and Xu [17] proved that the interior is dense in a neighborhood of the imaginary axis. In 2016 Bandt's conjecture was finally proved by Calegari et al [13] using a new technique that they introduced to construct and certify interior points of M. They also proved the existence of infinitely many holes in M\M 2 .
Family of Symmetric Binary Complex Trees T{c, c*}
More or less at the same time when the connectivity locus of self-similar sets F {c,−c} was introduced, Douglas Hardin, at that time a PhD student of Michael Barnsley, studied a closely related family of self-similar sets that corresponds to binary complex trees T A (c) := T {c,c * } , where c * is the complex conjugate of c. Among other things, Hardin and Barnsley proved that the boundary of the unstable set M := {c : Q {c,c * } = ∅} is piece-wise smooth [18] . This set was explored with improved figures in chapter 8 of Barnsley's book Fractals Everywhere. The first picture of the root connectivity set M 0 := {c : 0 ∈ F {c,c * } } is found in Stephen Wolfram's book A New Kind of Science [19] . Wolfram considered the sets {c : λ ∈ F {c,−c} } for different values λ including λ = 0 which corresponds to M 0 , see figure 14 . Notice that because of the tip-to-root connectivity theorem, we have that for λ = 1 = φ(e 0 ) the resulting Wolfram set is identical to the one obtained for λ = 0, i.e. the root connectivity set M 0 := {c : 0 ∈ F {c,c * } }. Mandelbrot and Frame [20] studied this family of binary trees in a purely geometric way, describing the algebraic equations that define ∂M in terms of r(θ), i.e. the scaling ratio r = |c| as a function of the angle 2θ between branches. Tara Taylor expanded their results by considering several topological properties [21] [22] [23] [24] . Deheuvels developed analysis on them [25] . And Pagon [26] suggested that it might be possible to generalize this family of mirror-symmetric binary trees to n-ary trees. In 2013, motivated by this suggestion, the author presented nine families of equations r(θ) that parameterize all n-ary trees with equally spaced mother branches of same length r(θ), symmetric around the real axis, and with tipset just-touching [27] . When represented in polar coordinates, equations r(θ) describe the boundary of unstable sets M for each family of mirror-symmetric n-ary trees, see figure 15. Figure 15 : The boundaries of the unstable sets M for down n-ary symmetric fractal trees [27] . On the right, Sierpiński gasket n-ary trees for n = 2, 3, 4, 5, and 6.
The limiting elements of these curves r(θ) generate tipsets with n-fold rotational symmetry that are Sierpiński gaskets. These gaskets also appear as special elements of one-parameter families of self-similar sets known as n-gon fractals that were first studied by Bandt and Hung [28] . For n = 2 the family corresponds to T {c,−c} considered in section 4.1. For n ≥ 2 these families of n-ary complex trees in one complex variable c are defined as
Recent results about n-gon fractals include the proof by Himeki and Ishi showing that the unstable set M for n = 4 is regular-closed [29] , and a technique by Calegari and Walker [30] to obtain extreme points of tipsets for arbitrary c.
Rauzy Fractals
Finally as a last example, notice that the ternary tree with alphabet {c 1 , c 2 , c 3 } ≈ {−0.191 + 0.509i, 0.389 − 0.097i, −0.420 − 0.606i} is root-connected and unstable because φ(331) = 0 and Q {c1,c2,c3} = {132 ∼ 212, 112 ∼ 332, 1331 ∼ 3331, . . . } leads to a finite set of numerical solutions which includes A = {c 1 , c 2 , c 3 }. Also notice that the equivalence relation 1331 ∼ 3331 does not involve the symbol 2 so it admits a tipset connected binary tree as a subset. The parametric family obtained for 1331 ∼ 3331 is T {z, 1/2(−1 + z + (z − 3)(z + 1))}. Figure 16 shows how the binary tree T {c 1 , c 3 } ≈ T {−0.191 + 0.509i, −0.420 − 0.606i} and its tipset are subsets of the ternary tree T {c 1 , c 2 , c 3 }. The complex-values of the letters c 1 , c 2 , c 3 are Galois conjugates of Pisot numbers: c 1 is a root of −1 − x − 3x 2 + x 3 , c 2 is a root of −1 + 5x − 7x 2 + x 3 , and c 3 is a root of −1 − x − x 2 + x 3 . For the author's surprise, the relation between these two self-similar sets was reported recently in [31] . The self-similar set associated to the unstable ternary tree is the classical Rauzy fractal, and the fractal associated to the unstable binary tree is called the Fibonacci-gasket.
Final Remarks
The methods to obtain and study one-parameter families of connected self-similar sets from stable complex trees are new. But our techniques also apply to arbitrary one-parameter families T A (z) := T {c 1 (z), c 2 (z), . . . , c n (z)} like the ones pointed in the previous section which have stable set K where all the elements are disconnected, i.e. Q A (z) = ∅. Actually this is how we generated the maps in figure 13 . In these cases the resulting tipsets for parameters in the stable set K are not that interesting from the point of view of analysis because all of them are homeomorphic to a Cantor set. On the other hand if T A (z) is tipset-connected for all z ∈ R and K = ∅ then we know how to perform analysis over all the tipsets F A (z) for z ∈ K once analysis has been developed for a single tipset F A (c 0 ) for c 0 ∈ K. Therefore we believe that the study of these families is particularly relevant to the theory of analysis on fractals [4] .
So far we have only covered a tiny sample of examples of what is out there, see also [32] . The space of possible parametric families of tipset connected n-ary complex trees is incredibly vast and rich. Nonetheless we believe that the theoretical basis set in this work will contribute to the study of fractal dendrites [33] , topological spaces admitting a unique fractal structure [34] [35] , and the geometry and dimension of fractals [36] [37] [38] . We also believe that the notion of complex tree can be extended to hypercomplex spaces in three and higher dimensions [39] [40] .
Future work will involve looking for quasisymmetric conjugacies between connected tipsets of complex trees and Julia sets. This is a direction that has been explored for certain types of self-similar sets [41] [42] [43] . Complex trees with root-connected fractal dendrites seam to be the right candidates but as some of our examples suggest other types of connected tipsets might work as well.
Finally we expect to see some real world applications on the long term in biology, physics, and other sciences [44] [45] .
